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URBAN CASUALTY  ESTIMATION AND THE 
CIRCULAR COVERAGE FUNCTION.   II. 

Campbell B.  Read* 

Southern Methodist University,  Dallas 

1. 

In an earlier paper [6]  a city distributed uniformly over a 

circle was considered in a model for an n-weapon attack using the 

circular normal damage function and aiming error developed by Hunter 

[4].    The expected number of casualties was evaluated using the 

Circular Coverage Function p(R,r) ([l],   [2]) . 

Many damage curves do not fit the single-or two-term circular 

normal form of Hunter,  or the elliptical normal form discussed by Grubbr, 

[3] .    These  "cookie-cutter" curves are better fitted by the damage 

function 

1 ,   0<r^k 
(1.1) 

Qexp(-cr8) ,       r>k, Q^0,c^0, 

where r is the distance from ground zero. 

We consider a single-weapon attack on a city having a circular 

normal distribution of population about the origin  (see Sherratt [7]) ; 

the aiming error,  as in Hunter's model [4],   is assumed to be circular 

normal about the point of impact  (Xi ,Y\) ,   and the damage  function of the 

form (1.1).    The Circular Coverage Function, discussed in  [6], will again 

figure  in the evaluation of the expected number of casualties. 

P(r) 

Sfe*'Ä.W- 

*This research was completed at the Research Triangle Institute. 
North Carolina, under Contract No.  OCD-PS-64-56 for the Office of 
Civil Defense.   Revised at Southern Methodist University, October 1969. 
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Section 2 evaluates the expected casualties when the impact 

point is given,  and in Section 3 an expression for the damage 

function, modified to include aiming error,   is obtained.    Section 

4 estimates the expected casualties when the aiming point  (XijYi) 

is given.    To the writer's knowledge,  no previous model has  led to 

such a result for the cookie-cutter damage  function   (1.1) . 
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2 .  Single weapon blast at (xityi) . 

Let the density of city population be (as in Sherratt [?]) 

P(x,y) = PQ exp[-(x8+ya)/2b3]. (2.1) 

Consider a weapon blast at  (x^yj) ,  and let Tj  denote the expected 

casualties.    Then,   following Fig.   1, 

* 

(xx/yi)   Impact point. 

Fig.   1 

If 

and 

Tl  = J    J P(x,y)P(R1)   dxdy 

S   = {(x,y) I (x-  ,)a +  (y-yi)3^3} 

S'    = {(x,y) |   (x,y|s ) 

(2.2) 

i 

then 

where 

- c|(x-xi)a +   (y-y^'jjdxdy 

Po1! + PoQIa' 

ii = JJ      exp[-(xa+ya)/2ba]dxdy/ 

(2.3) 

and la • !£>    exp[-(xa+y3)/2ba - c^x-x^8 +   (y-y1, "jjdxdy 

iM(Wl-lln'w.'r»-<to:;v.a»4«m».- 
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Let 

and 

dx3 = x1
a+ Yi3     »di^ 

Ya «   1+2 bac ,V>0 

In order to evaluate l\  and I8, we require the Circular Coverage 

Function   ([2] ,   [6]) 

p(Rfr)   -   1/(2TT)JJR   exp{,s(xa+y9)jrdxdy 

integrated ewer the region R in which 

(x-a*)3 +   (y-b1)3    SR8, 

a'3 + b'3 = r3. 

Then 

Ij,  = 2TTb3p(k/b, di/b) . 

We also require Lemma  1 and Corollary  1 of   [6]. 

The corollary proved there states  (in the present notation) : 

l\iexp[-Ax3+2Bx-Ay3+2By]dxdy « TTA_1exp[ (B^+B1*) »] 

.{ l-pl (2A) ^C,   (2 (B^B'3) /A) ]} 

where A>0,  and BjB'   are arbitrary. 

Then,   setting u = x-xi ,    v"y-yi, 

la = exp[-di2/(2b3)].JJslexp[-(u3+v3)Va/ (2ba) 

- xiu/h2-yiv/ha]   dudv 

= (2nb3/v3)exp(-cd1
3/Va){l-p[ky/b,d1/<vb)]} 

on applying Corollary 1 of [6] over the circle S: u'+v3^3, 

and 5',  and  simplifying. 

(2.4) 

(2.5) 

(2.6) 
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Hence,  applying   (2.4)   and   (2.5)   in  (2.3),   the conditional expected 

casualties,  given impact occurs at  (xj ^j) ,  are given by 

Tx -   (2TTP0Qb3/va)exp(-cd1
a/V3)[l-p(Kv/bfd1/(bY))} 

+ 2Trp0b
ap(k/b,d1/b) (2.7) 

3.    Modified Damage Function. 

If aiming error about an aiming point  (X,Y)   is considered, 

it is convenient to obtain an expression which modifies the damage 

function.    Fig.  2 shows the model in diagrammatic  form. 

(X,Y)  Aiming point 

Fig.  2 

Let the distance  from the aiming point to  (x,y)   be R,  and 

let a3 = 1 + 2CTac, 

where aa  is the variance parameter of the circular normal distribu- 

tion of aiming error about  (XfY) .      Then we obtain the modified 

damage function in the  form of 

Theorem 1.    If the probability of an individual becoming casualty 

at a distance r from the impact point of a weapon is given by (1.1) , 

and if the impact point has a circular normal distribution about 

the aiming point with variance parameter a8,   then the probability of 

an individual at  (x,y)   becoming casualty is given by 

ÜälK 
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P        (Cas)   sp{k/a,R/o] +  (p/a3)exp(-cR a/a3)[l-p(ka/a, R/(aa)) j 

(3.1) 

Proof:      LetS(x    )     =    {(xfy) Ux-Xi)8 + y-y!8)^»} 

where   (Xi^)   is the impact point;  thus S ,x    »   is the set of 

(x,y)   such that the probability of becoming casualty is 1, when 

(xi,yi)   is specified.    Then following Hunter's arguirent  (cf.his Eq.dO)), 

00       00 

P,      v    (Cäs)   =   r    f   P,      v    (Cas I impact in element dXidy,) 
(x,y) >■„ J_   (xry) 

•OS    _00 

,Pr{impact is« element dxidy1)dxidyx 

=JJ (1/ {2TTaa)) expt (V (2a8)) ((xi-X) a+ (yi -Y) a|Jdx1dy1 

(x,y) 

JJ r Qexp[-c(x-x1)
8-c(y-yi)a].    exp -(1/(2^)){ (xx-X) 

(x,y) 

yx-Yj'jdXiäy! 

»say 

Again,  put u=x-xx , v=y-yi .    Then 

*       * 
(3.2) 

dudv II   = JJ   (2TTa3)"1exp|-(2a8)"1|(u+x-X)3+(v+y-Y)a| due 

= (2na3) ^expE- (2aa) "1 Ra] JLexp - (2a3) "1 |u3+v3-2u (x-X) 

-2v(y-Y)| dudv 

= (2TTaa)'1exp[-(2a8)"1Ra].2TTaaexp    (2aa)"1R8  p|k/a,R/aJ 

Likewise 

= P(k/a,R/a) 

Ia  =   (2TTa3)"1exp(-R3/(2a3)) JJ    exp[{-a8(u8+v3) 

-2(x Idudv -X)u-2(y-Y)v|/(2C3^<: 

(l/a3)exp(-cRa/aa)|-p0a>/a, RCaa)"1)]- 

-' «*& 
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on applying (2.5) and simplifying. 

The result follows, from (3.2). Q.E.D. 

Aiming error is now incorporated into the damage function by 

Theorem 1, and casualties from a single weapon attack may now be 

estimated. 

4.    Single Weapon Attack with Aiming Error. 

Denote by P(Cas)   the damage function  (3.1) .    If p(x,y)   is the 

city population density at (x,y) ,  then the expected number of casual- 

ties C from a single weapon aimed at  (X,Y)   is given by 
OC       OB 

c " i.« I» p(x,y)P(Cas)dxdy 

Using the circular normal urban density model  (2.1) ,  let 

ßa - aa + 2b?c,    ß>0. 

Then Theorem 1 gives 
es     co f" 

C - J*   J^ Poexp[-(2ba)"1(x8+y3)]  p(k/o,R/a)+Qcy'aexp(-cRa/aa) 

.|l-p(ka/0,R(aa)'1) Mdxdy (4.1) 

« P0I3 +  (P0Q/cya) (I4-I6) (4.2) 

where 

I3 ' I« exp[-(x8+ya)/(2ba)]p(k/a,R/0)dxdy 

I* » {„ exp[-(xa+ya)/(2ba)-G|(x-X)8+(y-Y)a}/aa]dxdy 

In a r exp[-(xa4-ya)/(2ba)-cRa/aa]p(ka/a,R(oa)"1)dxdy 
«Loo 

First, 

I4 = exp[-(xa+Ya)c/a8]|a> !„ exp[-^(x8+ya)/(2a8ba)+2cXx/cya 

+2ciy/a ]dxdy 

■L^.h'*-v-^l.Wf:« '■■■■ ^'^ ;l*«tJ'- ■"- 
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=2{aa/pa)nb8exp[-cDa/aa+2bacaDa/(aaßa)] (4.3) 

using   (2.5)   of [6],  and where 

D8 = Xa+Ya  as in Fig.  2. 

In order to evaluate Ig and  IB    we require a Bessel function, and 

then to apply a property of p(R,r) .    First, we rotate the axes so that 

(X,y)    lies on the new x'-axis,  and then translate the origin to  (X,Y) . 

Thus  let 

x =   (x'+DJcosor1   - y'sina' 

y = y'cosa' +  (x'+Djsirvy1 

where tana* = Y/X . 

R is invariant under translation and rotation,  and R8 = x,a+y'a. 

So la  =   r  f00 exp[(-l/(2ba)) (x,a+y,8+2x,I>fDa)]p(k/a,R/a)dx,dy, 

Finally,   introduce polar coordinates, 

x'  = Rcos9 

y'   = RsinO. 

Then 

la  = iQ
,5nexp[-(Ra-fD9)/(2ba)-DRcose/ba]p(k/a,R/ff)RdedR 

=  2TTrexp[-(Ra+D8)/(2ba)]l0(DR/ba)p(k/0,R/a)RdR, (4.4) 
"0 

where 

I0 (2)   =   (2n)":iJ8Tr exp(-zcose)de 

is the modified zero-order Bessel function of the first kind. 

We require the result: 

p(r0/s,d/s)   = (?"•[ p(rc/6,r/6)exp[- (i^+d8)/(20a) ]lo (rd/O3) rdr 
0 

where (4.5) 

Sa  = 0a+6a 

(See,   for example,  Egs.   (15)   and   (16)   of  [5]). 

r 

4 
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Then it immediately  follows from  (4.4)   and   (4.5)   that 

l3 = 2nbap[k(b8+oa)",5,D(ba+C8)"J5] (4.6) 

Next, we make the same translation and rotation for lg  as for I3 ,  and 

similarly transform to polar coordinates.    We get 

I8  = 2TTj^,p[kQf/a,R/(0(y)]exp[-(Ra+Da)/(2ba)-cRs/aa] 

.IQ (DR/ba)RdR 

In order to apply   (4.5)   to this integral,   it is necessary to rearrange 

with the use of auxiliary factors.    Writing Ig   in the  form 

IB  = 2nexp(-cDa/e«)J^p[kaa/0äf)fR/(C»)J 

.exp[-{R9+(Da9/ßa)8V(2b9a8/ßa2|.iol_D(aa ß8) R/(ba/ß) j RdR, 

We can apply   (4.5)   to get 

I5 - 2TT(aa/ßa)exp(-cD8/pa)p[ka(aa+ba/e8)",3
/i»ß"a(oa+b8/ß8)"15] 

(4.7) 

Collecting   (4.3),   (4.6)   and (4.7), C  is obtained.    We state  this  in 

the  form of r| 

Theorem 2.    Under the model described   (viz.  urban po]xilation density 

(4.1) , damage  function  (1.1) ,  aiming error as in Theorem 1) ,  then the 

expected  number of casualties  from a single weapon aimed at  (X,Y)   is 

C = 2TTPüb
a[p(k/(b8+aa),5,D/(b8+08)S   +  (Q/ßa)exp(-cD8/ea) 

.{l-p(kaß/(b8+aaßa)l5,D(a/e)/(b8+aaß8),3)}J (4.8) 

where     a* » l+2ca9,    aX) 

ßa » a8+2b9c, ß>0. 

Proof:       This  follows  from  (4.2),   (4.3),   (4.6)   and   (4.7). Q.E.D. 

If S0
9 -  b8-^8,   So>0, 

Sj8 = aa+2bac,   Sl>0, 
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then  (4.8)   can be written 

C = 2TTPoba|p(k/S0,D/S0)   + Qß'aexp(-cDa/ß8) 

.ll-pdwß/Si.Da/CßSinjj. (4.9) 

The proportion of the city population which falls casualty to this 

single weapon attack is C/(2TrPoba) . 

The programming of   (4.9)   can be done by Wegner's approximations 

[8]   to p(R,r) , and these are set out in the author's earlier paper  [6]. 

_■_ SM MBMMa 
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1 In, an-«arlier paper  [<}  a city distributed uniformly over a circle was consider- 
ed in a model for an n-weapon attack using the circular normal damage function and 
aiming error developed by Hunter  [4i .    The expected number of casualties was evalu- 
ated using the Circular Coverage Function,p(R,r) ([1], [2]) . 

Many damage curves do rot fit the single- or two-term circular normal form of 
Hunter,  or the elliptical normal form discussed by Grubbs   [3].    These "cookie-cutter" 
curves are better fitted by the damage function 

1 ,  0 < r ^ k 
P(r)  = [Qexp(-cr2)    , r > k,  Q >_ 0,   c  >  0, (1,1) 

where r is  the distance from ground zero. 
^.We consider a single-weapon attack on a city having a circular normal distribu- 

tion of population about the origin 4see Sherratt {1\Y', the aiming prror.k^Ä^in Wtm- 
ter's model   [41,  is assumed to be  circular normal about the point of impact;(x^,y^), 

and the damage function of the  form  (1.1).    The Circular Coverage Function, di»«u»»ed 
in  [6], will again figure in the evaluation of the expected number of casualties. 

Section 2 evaluates the expected casualties when the impact point is given,  and 
in Section  3 an expression for the damage function,  modified to include aiming error, 
is obtained.    Section 4 estimates the expected casualties when the aiming point 
(XwY.)   is given.    To the writer's knowledge, no previous model has led to such a 
result for the copkie-cutter damage  function  (1.1). 

DD :N0O"M473 UNCLASSIFIED 
ScurHv CU<«Mfication 

sas 


